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Abstract

Test-time scaling (TTS) improves language
model reasoning by allocating additional test-
time compute, but prior work mainly studies
closed-ended tasks such as math and coding.
We study TTS for automated equation discov-
ery, an open-ended setting where models search
over candidate equations and rely on observed
datapoints for feedback. We formulate LLM-
driven equation discovery as an iterative search
process that unifies Best-of-N , sequential re-
finement, tree search, and evolution-style meth-
ods under a common compute-allocation view.
To isolate allocation effects from prompt engi-
neering and other heuristics, we compare min-
imal parallel controllers under fixed budgets.
On LLM-SRBench equation-discovery tasks,
we find that search width is the dominant allo-
cation parameter: the best width in our sweep
generally increases with the compute budget,
while the population–branching split and con-
troller choice matter less. Appropriate width
selection also improves wall-clock efficiency
by increasing parallelism. These results sug-
gest that, given an informative verifier, control-
ling exploration and exploitation is central to
scaling LLM-based equation discovery.

1 Introduction

Test-time scaling (TTS) has become a standard
way to improve the reasoning performance of lan-
guage models by allocating additional compute at
inference time rather than updating model param-
eters (Song et al., 2025; Snell et al., 2024). Most
prior work studies closed-ended reasoning tasks
such as mathematics and code generation, where
the objective is to recover a correct answer to a
well-specified problem (Guan et al., 2025; Li et al.,
2025). In these settings, TTS is often framed as
a question of how much extra inference-time com-
pute to spend (Snell et al., 2024), or how more

* Equal Contribution. Code and data are available at
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compute can help smaller models approach the per-
formance of larger ones (Wu et al., 2024).

In this paper, we study TTS for automated equa-
tion discovery. Equation discovery is narrower
than scientific discovery as a whole, but it cap-
tures an important open-ended modeling problem:
a system must propose candidate equations or pro-
grams, receive feedback from an external evalu-
ator, and iteratively search for better candidates.
Unlike closed-ended reasoning benchmarks, there
is typically no single target string to recover dur-
ing search; progress is measured by improvement
under a task-specific verifier. This makes equa-
tion discovery a useful testbed for studying how
inference-time compute should be allocated across
exploration and refinement.

This shift in perspective matters because recent
LLM-based discovery and program-search systems
already hint that the answer is not obvious. A grow-
ing line of work uses language models to generate
candidate artifacts and closes the loop with an exter-
nal verifier (Romera-Paredes et al., 2024; Novikov
et al., 2025; Lange et al., 2025). These systems
often work well, but they are usually introduced
as complicated agent workflows with many cou-
pled design choices, including specialized prompts,
mutation rules, model ensembles, and hand-tuned
pruning heuristics. As a result, it is difficult to tell
which ingredients are fundamental. In particular,
the underlying control flow of test-time search is
often entangled with domain-specific engineering.

We argue that, for LLM-based equation dis-
covery, compute allocation is a first-order design
choice. Once an informative verifier is available,
different search procedures can be understood pri-
marily as different ways of allocating a fixed test-
time budget across exploration and exploitation.
This viewpoint places classical TTS methods and
recent evolution-style systems in a common frame-
work. Best-of-N (Song et al., 2025) corresponds
to one-shot wide exploration, sequential refine-
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ment (Madaan et al., 2023; Chen et al., 2023) cor-
responds to narrow multi-step exploitation, tree
search (Chen et al., 2024) corresponds to structured
branching with repeated pruning, and evolution-
style systems (Novikov et al., 2025; Lange et al.,
2025) correspond to persistent multi-candidate or
multi-island search with repeated selection and ex-
pansion. Under this view, the central object of
study is not a particular agent scaffold, but the
control law governing which candidates to expand,
how many continuations to generate, and how ag-
gressively to retain or discard candidates over time.

To study this question, we formulate LLM-
driven equation discovery as an iterative search
process with four generic operations: sample, gen-
erate, evaluate, and prune. This abstraction isolates
compute allocation from domain-specific heuristics
and lets us compare different control flows under a
shared budget. We then instantiate the framework
with two simple, highly parallel controllers: Par-
allel Beam Search (PBeam), which expands the
current frontier and keeps the strongest candidates,
and Parallel Iterative Expansion (PIE), which in-
stead guides future expansions from the full search
history. These controllers are intentionally mini-
mal. Their purpose is not to encode human-crafted
priors, but to provide a clean testbed for asking
which allocation decisions matter.

Our experiments on LLM-SRBench automatic
equation discovery reveal a simple and consistent
picture. The dominant control variable is search
width. Neither greedy exploitation nor one-shot
broad exploration performs best. Instead, the best-
performing width lies in the interior and shifts up-
ward as the total test-time budget increases. This
same allocation choice also improves wall-clock ef-
ficiency: moderate width exposes more parallelism,
so better search quality need not come at the cost of
slower runtime. By contrast, after width is chosen,
the exact split between population size and branch-
ing factor, as well as the choice between PBeam
and PIE, has a much smaller effect.

Our goal is therefore not to propose a universal
controller for scientific discovery, nor to claim that
equation discovery fully represents all scientific-
discovery problems. Rather, we use equation dis-
covery as a controlled benchmark setting to show
that control flow itself is an important object of
study for open-ended LLM search. Given an in-
formative evaluator, there is substantial empirical
structure in how a fixed compute budget should be
spent. Making that structure explicit yields both a

unified language for comparing existing equation-
discovery systems and a practical recipe for scaling
this class of test-time search problems.

Contributions.
• We formulate LLM-driven equation discovery

as a unified external TTS process that sub-
sumes common control flows including Best-of-
N , sequential refinement, tree search, and recent
evolution-style systems.

• On LLM-SRBench automated equation discov-
ery, we show that search width is the dominant
allocation parameter. In our sweep, larger bud-
gets tend to favor wider searches, and optimizing
this trade-off can improve both final performance
and wall-clock efficiency.

• Our analysis is based on a large-scale controlled
empirical study spanning roughly 4,000 H100
GPU hours, and we will release our code, results,
prompts, and evaluation framework to support
future research on TTS for equation discovery.

1.1 Background: TTS for equation discovery

Overview of TTS TTS refers to improving an
LLM’s performance at inference time by allocating
additional computation without updating model pa-
rameters (Welleck et al., 2024; Snell et al., 2024).
TTS has shown strong gains on reasoning-intensive
domains, especially mathematics and code gener-
ation (Wang et al., 2023b; Brown et al., 2024; Li
et al., 2025; Snell et al., 2024). In this paper, we
focus on external TTS, where extra compute is real-
ized through multiple model calls. We use internal
TTS to denote the complementary regime where
a single response is allowed to consume more rea-
soning tokens.

External TTS For clarity, we organize exter-
nal TTS by control flow. Parallel scaling gener-
ates multiple candidates independently and aggre-
gates them afterward, e.g., via self-consistency, re-
peated sampling, or verifier-based Best-of-N se-
lection (Wang et al., 2023b; Brown et al., 2024;
Cobbe et al., 2021). Sequential scaling iteratively
refines intermediate outputs, conditioning subse-
quent generation steps on prior states to enable
self-correction (Gou et al., 2023).Hybrid scaling
combines branching with sequential refinement,
yielding explicit search over candidate states rather
than a single left-to-right rollout, thereby enabling
iterative revision, look-ahead, or backtracking (Yao
et al., 2023; Li et al., 2025).



Verification The performance of TTS depends
critically on verification. In benchmark reasoning
tasks, verification is often implemented by learned
verifiers or reward models: outcome reward models
score final answers, whereas process reward mod-
els evaluate intermediate reasoning steps (Cobbe
et al., 2021; Lightman et al., 2023). These sig-
nals can be used either to guide search online or to
rerank candidate solutions offline.

TTS in scientific discovery Recent work has
used an LLM to propose candidate programs or
constructions, while an external evaluator (e.g.,
mathematical objective) assigns fitness and closes
the search loop (Romera-Paredes et al., 2024;
Novikov et al., 2025). This discovery setting differs
from standard math or coding benchmarks in an
important respect: the objective is typically open-
ended. There is often no unique ground-truth an-
swer known in advance; instead, progress is mea-
sured by improvement under a task-specific eval-
uator. When that evaluator is reliable, the main
bottleneck shifts from recovering a known answer
to allocating test-time compute effectively over a
large search space of candidate solutions. Under
this lens, recent self-evolving systems (Lange et al.,
2025; Assumpção et al., 2025) can be viewed as
specialized instances of external TTS that differ
primarily in their control flow.

1.2 A unified TTS formulation
We formalize LLM-driven equation discovery as
an iterative search over a dynamic memory state
Mt, which maintains the candidate solutions, such
as equations or executable programs, available at
step t.M0 can be initialized as a naive solution to
the problem. By abstracting away domain-specific
details such as prompt design or mutation rules,
we obtain a common computational framework
governed by a global test-time compute budget N .
Each iteration is specified by four ingredients: a se-
lection policy overMt, a branching rule, a verifier,
and a pruning operator.

Sample Let qt(· | Mt) denote a selection policy
over the current memory state. Select a subset

St = {x(i)t }
nt
i=1 ∼ qt(· | Mt),

St ⊆Mt, |St| = nt.

for expansion. The policy qt may be greedy or
score-based, and determines which previously dis-
covered candidates are revisited at step t.

Generate For each candidate x
(i)
t ∈ St,1 query

the LLM to generate a set G(i)
t of k(i)t new propos-

als (e.g., refinements or novel variations). The full
generated set is

Gt =

nt⋃
i=1

G
(i)
t , |Gt| =

nt∑
i=1

k
(i)
t .

When k
(i)
t = kt for all i, we write kt for the com-

mon branching factor.

Evaluate and prune Score Gt using a task-
specific verifier, merge the new proposals with the
current memory, and apply a pruning operator Πt

(e.g., FIFO, top-B selection or diversity filtering)
to retain the surviving candidates:

Mt+1 = Πt(Mt ∪Gt).

Iterate Repeat this process for T steps until the
global compute budget N is exhausted. Assuming
a uniform cost per generated proposal,2 the total
test-time compute constraint is

T−1∑
t=0

nt∑
i=1

k
(i)
t ≤ N.

This framework can express most external TTS
control flows: parallel scaling maximizes the
branching factor in a single step (T = 1), sequen-
tial scaling iteratively refines candidates with min-
imal branching, and hybrid scaling alternates be-
tween selection, branching, and pruning over mul-
tiple rounds. Under this view, disparate discovery
algorithms differ primarily in their parameteriza-
tion of (

qt, nt, {k(i)t }
nt
i=1, Πt

)
;

in the common constant-branching case, this re-
duces to (qt, nt, kt,Πt). Crucially, this abstraction
isolates our core research question: assuming ac-
cess to an informative verifier, how should test-
time compute be allocated across selection, branch-
ing, and pruning to maximize equation-discovery
progress under a fixed budget?

1In practice, we can select multiple candidates to construct
the context for the LLM. This results in a directed acyclic
graph rather than a tree in the control flow, although the pa-
rameterization remains similar. For simplicity, we follow
recent practices (Wang et al., 2025b; Yuksekgonul et al., 2026)
to focus on the single candidate setting.

2Traditional TTS literature use FLOPs as their compute
measure, which is mainly affected by the number of model
rollouts (i.e., N ) if we only focus on the same model for the
same problem. The justification is detailed in section A.



Simplified notation. In the remainder of the pa-
per, for simplicity, we focus on time-homogeneous
controllers with nt ≡ n, k(i)t ≡ k, and a fixed
pruning rule Πt ≡ Π, and write the controller
as (q, n, k,Π). We further define the per-iteration
search width as w = nk.

2 Method

2.1 Diagnosis: Are classical control flows
suitable for equation discovery?

Desiderata: performance and efficiency To
evaluate the suitability of existing control flows
for equation discovery, we establish two primary
desiderata: performance and efficiency. Under a
fixed compute budget N , performance relies on
balancing exploration, which searches broadly over
possible functional forms, and exploitation, which
refines promising candidates. In our unified frame-
work, this requires a strategic parameterization of
the controller; in the simplified setting studied be-
low, this reduces to the selection rule q, the number
of expanded candidates n, the branching factor k,
and the pruning operator Π. Efficiency, conversely,
is governed by wall-clock time and verification
costs. In equation-discovery settings, the verifier
may involve fitting parameters, running numerical
evaluation, or executing candidate programs. Con-
sequently, higher efficiency directly yields better
performance under a fixed time budget. To acceler-
ate wall-clock time, a practical control flow should
expose sufficient parallelism by submitting large
batches of evaluation jobs simultaneously. When
verification is expensive, a useful control flow must
carefully tune (q, n, k,Π) to push the performance
Pareto frontier under a limited evaluation budget.

Evaluating classical baselines How do classi-
cal algorithms meet these desiderata in equation
discovery? As intuitively illustrated in Figure 1,
we evaluate three dominant paradigms through the
lens of our (q, n, k,Π) abstraction:

• Extreme Scaling (e.g., Self-Consistency,
Self-Refine): Methods optimizing for pure
parallelism (T = 1, maximal k) or pure se-
quentiality (n = 1, minimal k) fail to balance
exploration and exploitation, making them
poorly suited for the large search spaces that
characterize automated equation discovery.

• Tree Search: While gracefully balancing ex-
ploration and exploitation (e.g., MCTS), se-
quential node-expansion and backpropagation

inherently restrict n and k at any given step.
When verifiers are slow, this strict sequen-
tiality creates wall-clock bottlenecks that can
reduce overall search efficiency.

• Evolutionary Systems: Recent self-evolving
frameworks (e.g., OpenEvolve (Sharma,
2025)) balance exploration and efficiency by
maintaining multiple isolated populations (“is-
lands”) and expanding them sequentially in
parallel (n > 1). However, these systems
are often engineered with complex features
such as LLM ensembles, explicit crossover
rules, and specialized prompting heuristics. It
remains unclear which of these features are
necessary for equation discovery.

We hypothesize that much of the empirical ben-
efit of evolutionary methods can be explained by
a simpler mechanism: improved compute alloca-
tion. In our unified (q, n, k,Π) view, this suggests
a reduced design space centered on a small num-
ber of allocation choices: how many candidates
are expanded per round, how many continuations
each candidate spawns, and how much the search
is partitioned into semi-independent groups. This
reframing lets us compare heavily engineered sys-
tems to minimal controllers and ask directly which
allocation decisions matter for performance and
efficiency in this setting.

2.2 Simple yet expressive TTS control flows
Motivated by this hypothesis, we instantiate a sim-
ple family of highly parallel controllers with mini-
mal human-crafted features. We parameterize the
search by three practical knobs: population size n,
per-parent branching factor k, and the number of
groups g. We define the global width as w = nk,
i.e., the total number of expansions produced in one
synchronized iteration. The role of g is inspired
by island models in evolutionary systems (Novikov
et al., 2025), but we treat it more generally as a
partitioning variable that changes both search isola-
tion and synchronization granularity. Increasing g
creates more independent sub-searches and smaller
synchronization units; whether this improves diver-
sity is an empirical question. This reduced (n, k, g)
design space is therefore expressive enough to re-
cover useful hybrid control flows while remaining
clean enough for systematic study.

To study this reduced design space without con-
founding domain-specific heuristics, we instantiate
two clean, parallel control flows that differ mainly
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Figure 1: Comparison of TTS control flows under the unified formulation. Top row: classical baselines
emphasize only one aspect of compute allocation: Best-of-N performs purely parallel one-shot sampling (T = 1,
n = 1, k large), Self-refine performs purely sequential single-chain refinement (T = N , n = 1, k = 1), and MCTS
balances exploration and exploitation through sequential tree expansion but with limited parallelism. Bottom row:
hybrid, equation-discovery-oriented methods maintain multiple active candidates and combine branching with
pruning. OpenEvolve expands multiple isolated islands in parallel (n = #islands, k = 1); our Parallel Beam Search
(PBeam) performs beam-style expansion within each island (n ≥ 1, k ≥ 1, g ≥ 1); and Parallel Iterative Expansion
(PIE) further relaxes strict beam pruning by expanding from the full historical pool.

in their selection-and-pruning policies while shar-
ing the same allocation variables (n, k, g):

Parallel Beam Search (PBeam): We partition
the active population and the total budget evenly
across g independent groups. Unless otherwise
stated, n, k, and w = nk denote global quantities,
so each group operates with local population n/g,
local width w/g = (n/g)k, and local budget N/g.
Omitting the group index for clarity, within each
group we execute a constant-width beam search.
At step t, the selection policy chooses the entire
current frontier,

St =Mt, |St| = |Mt| = n/g.

The model generates k candidates per selected can-
didate, yielding a generated set of size

|Gt| = (n/g)k = w/g.

The pruning operator Π strictly retains the top-n/g
candidates according to the verifier score f(x):

Mt+1 = Topn/g(Mt ∪Gt; f),

where Topm(A; f) denotes the m elements of A
with the largest values of f .

Parallel Iterative Expansion (PIE): Building
upon PBeam, PIE relaxes the strict frontier-based
selection rule within each group to better preserve

exploration. Instead of truncating unselected candi-
dates, we maintain the full generation history

Ht+1 = Ht ∪Gt, H0 =M0.

We then use a softmax selection policy over histor-
ical scores to choose n/g candidates for the next
expansion step. The probability of selecting a can-
didate x ∈ Ht+1 is

pt+1(x) =
exp(f(x)/τ)∑

x′∈Ht+1
exp(f(x′)/τ)

,

where τ is a temperature hyperparameter control-
ling the exploration–exploitation tradeoff. The
pruning operator simply updates the memory state:

Mt+1 = Ht+1.

These algorithms instantiate two simple choices
of selection-and-pruning policy within the broader
(qt, nt, kt,Πt) framework, while keeping the tun-
able allocation space small and highly parallel. We
restrict our current experiments to these two con-
trol flows, leaving to future work the optimiza-
tion of (1) richer selection policies for choosing
St (e.g., PUCT); (2) adaptive branching methods
to dynamically determine k

(i)
t for each node x

(i)
t ;

(3) diversity-aware pruning operators to maintain
population quality during extended rollouts; and (4)
iteration-aware allocation for adjusting expansion
strategies for different t (e.g., ASHA).



3 Experiments

3.1 Experimental setting
Benchmarks and models We evaluate on LLM-
SRBench, a benchmark for scientific equation dis-
covery (Shojaee et al., 2025). We focus on the
Bio and Material splits, which contain 24 and 25
tasks, respectively. Each task provides a natural-
language problem description, variable definitions,
a training set, and a held-out test set. Given the
problem description and training data, the model
proposes a Python program that specifies both the
functional form of the equation and an optimizer
for fitting its free parameters. During test-time
search, the model may observe verifier feedback
(fitness) on the training split of previous proposals,
but it never accesses the test set. For each ran-
dom seed, we first average task-level results over
all tasks in a domain, and then report the mean
and standard deviation over three seeds. Our main
study focuses on gpt-oss-20b (OpenAI, 2025) on
Bio. We use gpt-oss-20b on Material as a dataset-
generalization check, and Qwen3-30B-A3B (Yang
et al., 2025) on Bio as a model-generalization
check. We provide more details (e.g., task prompts,
dataset statistics, initial solutions) in section B for
readers to understand this benchmark.

Search space We sweep PBeam and PIE under
total budgets N ∈ {1, 2, 4, 8, 16, 32, 64, 128}. We
vary the population size n, per-node branching fac-
tor k, group size g, and number of iterations T , with
N = (n×k)×T = w×T . Grouping partitions the
active population into g independent groups, so the
effective width of each group is w/g. To keep the
sweep manageable, we first fix g = 1 and sweep
(n, k, T ) = (2i, 2j , 2k), where i + j + k ∈ [0, 7]
and i, j, k ∈ N. We then sweep g for the compet-
itive (n, k, T ) settings identified in the first stage.
Detailed sweep grids, hyperparameters, and results
are deferred to section B.4.

Metrics We follow LLM-SRBench to use Acc0.1
as the primary metric:

Acc0.1 = 1

(
max
1≤i≤m

∣∣∣∣ ŷi − yi
yi

∣∣∣∣ ≤ 0.1

)
,

In compute allocation study, we report training
Acc0.1 as our primary metric. We defer the in-
terpretation of train–test discrepancies section 5,
because our main goal here is to understand com-
pute allocation under a fixed verifier rather than to
optimize the verifier itself. We do not report other

fitness metrics like NMSE and R2 due to large dis-
crepancy in scales between different tasks, which
makes them hard to aggregate.

3.2 Result analysis

Search width dictates both performance and
wall-clock efficiency. We plot the performance
envelope over PIE and PBeam for each width and
budget in Figure 2. Across domains (Bio, Mate-
rial) and models (gpt-oss-20b, Qwen3-30B-A3B),
search width is the most important allocation vari-
able. Very narrow searches over-emphasize sequen-
tial refinement, while one-shot wide searches un-
deruse iterative feedback. The best-performing
configurations in our sweep usually lie between
these extremes.

We deliberately treat the budget–width relation-
ship as an empirical trend rather than a universal
scaling law. The sweep contains only a small num-
ber of discrete budget levels, and several nearby
widths often perform similarly. Nevertheless, the
qualitative pattern is consistent: small budgets fa-
vor narrow searches, whereas larger budgets tend
to benefit from moderately wider synchronized ex-
pansion.

Crucially, increasing width can also improve
wall-clock efficiency. Larger widths increase
model inference parallelism and reduce the number
of sequential refinement rounds (T = N/w), so
the wall-clock Pareto frontier favors moderate-to-
large widths (Figure 3). For example, on the Bio
dataset, shifting from greedy refinement (w = 1)
to width 32 reduces runtime by nearly 80% (from
7622 s to 1586 s) while simultaneously improving
train Acc0.1 from 0.965 to 0.984.

Grouping improves efficiency via reduced syn-
chronization. While width dictates the primary
time–quality trade-off, grouping acts mainly as a
secondary systems knob. Holding the total bud-
get N and the global width w fixed, increasing the
number of groups g yields a modest wall-clock
speedup because synchronization occurs within
groups of size w/g rather than across all w ex-
pansions. This reduces idle time from stragglers
and improves hardware utilization when model or
verifier latency is heterogeneous. Empirically, mov-
ing from g = 1 to g = 8 yields up to a 1.075×
speedup. By contrast, the effect on search quality is
weak and not consistently positive: in our equation-
discovery benchmark, island-style isolation does
not provide a reliable diversity benefit once width
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Figure 3: Wall-clock frontier under different compute-allocation strategies. Each point is the best measured
configuration at fixed (N,w, g, algorithm) after optimizing over the remaining decomposition. Marker shape
indicates the algorithm, color indicates width, and the black curve shows the time–quality Pareto frontier.

is already chosen. Over-grouping can even hurt,
because it reduces both the per-group width w/g
and the per-group budget N/g, pushing each group
toward a narrower search regime than the one pre-
ferred by the global budget (detailed discussion in
section C.3). We therefore treat g as a throughput
parameter rather than a search-quality parameter.

Other choices are second-order effects. Once
the global width w = nk is fixed, the remaining
design choices have a minor effect on performance.
First, the exact decomposition of w into popula-
tion size n and branching factor k matters much
less than choosing the right width in the first place
(table 6). Second, the difference between PBeam
and PIE is also small: their train Acc0.1 gap usu-
ally stays within ±2% across budgets and widths
(fig. 4). Both effects are substantially smaller than
the cross-width differences reported above. In
this sense, width determines the operating regime,
while the exact n–k split and the choice between
PBeam and PIE mainly fine-tune performance. We

defer the detailed ablations to section C.2.

An empirical recipe for workflow design. Syn-
thesizing these findings, we recommend the fol-
lowing top-down strategy for deploying external
test-time search. First, maximize the compute bud-
get by selecting the largest budget N permitted by
your inference hardware and latency constraints.
Next, determine the search width w using a small
pilot sweep over powers of two, or use the em-
pirical width frontier in Section C.1 as a coarse
warm start. Once w has been chosen, set the re-
maining hyperparameters to moderate values, using
balanced choices such as n/w ≥ 1/8, k ∈ [2, 8],
and a mild g. Finally, treat the choice among se-
lection rules (e.g., PIE, PBeam, or more complex
systems) as a minor refinement step.

4 Related work

LLM-driven scientific discovery Recent ad-
vances in LLMs have enabled them to aug-
ment, accelerate, and in some cases automate



scientific discovery across the full research
pipeline (AI4Science and Quantum, 2023; Wang
et al., 2023a). Scientific discovery is often viewed
as two tightly coupled stages: hypothesis genera-
tion and empirical verification. Prior work shows
that LLMs can act as effective hypothesis genera-
tors by drawing on broad domain knowledge and
reasoning ability (Qi et al., 2023; Si et al., 2024).
When combined with external tools and agentic
workflows, they can also execute experiments, ana-
lyze data, and iteratively refine candidate hypothe-
ses (Ma et al., 2024; Majumder et al., 2024). This
paradigm has shown promise in domains such as
chemistry (Wang et al., 2025a), biomedicine (Gao
et al., 2024), and astronomy (Sun et al., 2025).

Equation discovery Equation discovery, or sym-
bolic regression (SR), is a long-standing problem
in scientific modeling that seeks equations bal-
ancing predictive accuracy and simplicity for a
given dataset (Makke and Chawla, 2024). Clas-
sical SR methods mainly rely on search-based opti-
mization (Koza, 1994; Virgolin et al., 2021; Cran-
mer, 2023). Other approaches use Monte Carlo
search (Jin et al., 2019; Sun et al., 2022) or rein-
forcement learning (Petersen et al., 2019; Landa-
juela et al., 2021; Mundhenk et al., 2021). More
recent work has explored pretrained Transformer-
based SR models (Biggio et al., 2021; Valipour
et al., 2021; Kamienny et al., 2022; Vastl et al.,
2024). LLM-based SR uses LLMs to generate
equation hypotheses and interact with TTS work-
flows to iteratively improve them while leveraging
knowledge encoded in the model (Shojaee et al.,
2024; Meyerson et al., 2024; Grayeli et al., 2024).

5 Extended Discussion

Simple control flows beat complicated systems.
We also compare the lightweight methods PBeam
and PIE with OpenEvolve, as an example of a more
engineered evolutionary system. The results show
that, when width and depth are controlled to be the
same, PBeam and PIE remain competitive. When
their parameters are set according to our empiri-
cal recipe (section 3.2), PBeam and PIE perform
slightly better than OpenEvolve, partly because
OpenEvolve does not allow k > 1 or mild group-
ing with g < w, making it less expressive. Detailed
slice-level comparisons are reported in fig. 5. How-
ever, this does not imply that crossover, ensem-
bling, or specialized prompting are never useful.
Rather, on this benchmark, their contribution ap-

pears secondary to getting the global compute allo-
cation right. An implication: new discovery agents
should be compared against width-matched min-
imal baselines; otherwise, gains from additional
engineering may be confounded with gains from
simply operating in a better width–depth regime.

Connecting to other TTS literature. Our work
is complementary to Wu et al. (2024), who study
compute-optimal inference for closed-ended math
reasoning. Under a fixed budget, they ask which
combination of model size and existing control
flow (tree search vs. sampling) maximizes answer
accuracy. In contrast, our setting is open-ended
scientific discovery with an external verifier, where
the central problem is not only which model or
which control flow to use, but how to allocate a
fixed budget under a unified control flow.

Verifier quality is the other bottleneck. Our
conclusions should be read as conditional on the
verifier being informative enough to rank candi-
dates meaningfully. In conventional TTS, learned
reward models can become the limiting factor be-
cause additional search amplifies reward misspec-
ification. Scientific discovery changes the source
of the verifier, but not this principle: even when
feedback comes from experimental proxies, search
can still overfit to the measured objective rather
than the true scientific target. In our benchmark,
the verifier is based on training-set performance, so
the search is optimized against an imperfect proxy
(discussed in section C.4, though the train-test gap
is not severe for this benchmark). This suggests a
useful decomposition: better control flow improves
how efficiently the system explores under a fixed
verifier, whereas better verification improves what
the system is ultimately driven toward. Both matter,
and improvements in verifier fidelity may also shift
the optimal exploration–exploitation balance.

6 Conclusion

We study test-time scaling for LLM-based equation
discovery through the lens of compute allocation.
On LLM-SRBench, search width is the dominant
factor in our sweep: larger budgets generally fa-
vor wider searches, and appropriate width selection
improves both accuracy and wall-clock efficiency.
These results highlight compute allocation as a cen-
tral design choice for equation discovery with infor-
mative verifiers, and motivate its study in broader
open-ended scientific search settings.



Limitations

This work has several limitations. First, our empir-
ical conclusions are specific to equation discovery
as instantiated by LLM-SRBench, especially the
Biology and Material Science splits considered in
our experiments. Although equation discovery is a
useful controlled setting for studying open-ended
search with an external verifier, it does not capture
the full complexity of scientific discovery, such
as experimental design, noisy measurement pro-
cesses, causal interpretation, safety constraints, or
long-horizon laboratory validation. Therefore, the
observed width–budget trade-off should be inter-
preted as evidence for this benchmark setting rather
than as a universal law for all scientific-discovery
workflows.

Second, our analysis assumes access to an in-
formative verifier. In our experiments, search is
guided by training-set performance, and we use
training Acc0.1 as the main metric for studying
compute allocation. This design helps isolate the
effect of test-time compute allocation under a fixed
verifier, but it also means that stronger search can
overfit to the training split or to the specific proxy
objective used by the benchmark. Although the
train–test gap is not severe in our reported setting,
improved verifier fidelity remains an important bot-
tleneck for applying these methods to real scientific
problems.

Third, our study focuses on a limited set of
models, domains, and controller families. We
evaluate primarily with gpt-oss-20b, include
Qwen3-30B-A3B as an auxiliary cross-backbone
check, and instantiate two minimal parallel con-
trollers, PBeam and PIE. These choices are suf-
ficient for isolating the role of width, branching,
grouping, and depth in a controlled sweep, but they
do not cover the full space of possible language
models, prompting strategies, learned selection
policies, diversity mechanisms, adaptive branching
rules, or richer evolutionary systems. As a result,
the exact optimal width and controller behavior
may change with different backbones, prompts,
verifiers, or task families.

Fourth, our compute measure abstracts test-time
cost by the number of generated proposals N . This
is appropriate for comparing allocation strategies
under a fixed model and prompt template, but it
does not fully capture all practical costs. In real
deployments, token lengths, model-serving latency,
verifier runtime, hardware utilization, failed exe-

cutions, and synchronization overhead can vary
across tasks and candidate programs. Our wall-
clock analysis partially addresses this issue, but a
more complete systems-level accounting would be
needed before transferring these findings directly
to heterogeneous production or laboratory settings.

Finally, our work studies how to allocate
inference-time compute more effectively; it does
not by itself guarantee scientifically valid discover-
ies. The generated equations are candidate models
optimized against benchmark feedback, and strong
benchmark performance should not be interpreted
as a substitute for domain expertise, independent
validation, or experimental confirmation. This lim-
itation is especially important for high-stakes sci-
entific or engineering applications, where incorrect
but plausible equations could lead to misleading
conclusions.

Ethical Considerations

This work studies test-time compute allocation for
scientific equation discovery in a benchmark set-
ting. Our goal is to understand how to allocate
inference-time compute more effectively, rather
than to automate high-stakes scientific decision-
making without oversight.

The main risk of systems of this kind is that
they can generate plausible but incorrect equations,
hypotheses, or programs, especially when the ver-
ifier is imperfect or only measures a proxy objec-
tive. In our setting, the search is optimized against
benchmark feedback on the training split, so strong
search performance should not be interpreted as a
validated scientific discovery. Any real-world use
would require domain-expert review and additional
experimental validation.

A second consideration is computational cost.
Large-scale test-time search can consume substan-
tial compute resources. One motivation of this
work is therefore efficiency: we study how better
compute allocation can improve performance while
also reducing wall-clock time and synchronization
overhead.

Finally, we plan to release code, prompts, and
evaluation scripts for the benchmark setting used
in this paper to support reproducibility. However,
we do not claim that improved benchmark perfor-
mance alone implies safe or reliable deployment in
real scientific practice.
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Alexander Novikov, Ngân Vũ, Marvin Eisenberger, Em-
ilien Dupont, Po-Sen Huang, Adam Zsolt Wagner,
Sergey Shirobokov, Borislav Kozlovskii, Francisco
J. R. Ruiz, Abbas Mehrabian, M. Pawan Kumar, Abi-
gail See, Swarat Chaudhuri, George Holland, Alex
Davies, Sebastian Nowozin, Pushmeet Kohli, and
Matej Balog. 2025. Alphaevolve: A coding agent for
scientific and algorithmic discovery. arXiv preprint
arXiv:2506.13131.

OpenAI. 2025. gpt-oss-120b & gpt-oss-20b
model card. https://openai.com/index/
gpt-oss-model-card/. Published August 5, 2025.

Brenden K Petersen, Mikel Landajuela, T Nathan Mund-
henk, Claudio P Santiago, Soo K Kim, and Joanne T
Kim. 2019. Deep symbolic regression: Recovering
mathematical expressions from data via risk-seeking
policy gradients. arXiv preprint arXiv:1912.04871.

Biqing Qi, Kaiyan Zhang, Haoxiang Li, Kai Tian, Si-
hang Zeng, Zhang-Ren Chen, and Bowen Zhou. 2023.
Large language models are zero shot hypothesis pro-
posers. arXiv preprint arXiv:2311.05965.

Bernardino Romera-Paredes, Mohammadamin
Barekatain, Alexander Novikov, Matej Balog,
M. Pawan Kumar, Emilien Dupont, Francisco J. R.
Ruiz, Jordan S. Ellenberg, Pengming Wang, Omar
Fawzi, Pushmeet Kohli, and Alhussein Fawzi. 2024.
Mathematical discoveries from program search with
large language models. Nature, 625(7995):468–475.

Asankhaya Sharma. 2025. Openevolve: an open-source
evolutionary coding agent.

Parshin Shojaee, Kazem Meidani, Shashank Gupta,
Amir Barati Farimani, and Chandan K Reddy. 2024.
Llm-sr: Scientific equation discovery via program-
ming with large language models. arXiv preprint
arXiv:2404.18400.

Parshin Shojaee, Ngoc-Hieu Nguyen, Kazem Meidani,
Amir Barati Farimani, Khoa D. Doan, and Chan-
dan K. Reddy. 2025. LLM-SRBench: A new bench-
mark for scientific equation discovery with large lan-
guage models. arXiv preprint arXiv:2504.10415.

Chenglei Si, Diyi Yang, and Tatsunori Hashimoto. 2024.
Can llms generate novel research ideas? a large-
scale human study with 100+ nlp researchers. arXiv
preprint arXiv:2409.04109.

Charlie Snell, Jaehoon Lee, Kelvin Xu, and Aviral Ku-
mar. 2024. Scaling LLM test-time compute optimally
can be more effective than scaling model parameters.
arXiv preprint arXiv:2408.03314.

Yifan Song, Guoyin Wang, Sujian Li, and Bill Yuchen
Lin. 2025. The good, the bad, and the greedy: Evalu-
ation of llms should not ignore non-determinism. In
Proceedings of the 2025 Conference of the Nations of
the Americas Chapter of the Association for Compu-
tational Linguistics: Human Language Technologies
(Volume 1: Long Papers), pages 4195–4206.

Fangzheng Sun, Yang Liu, Jian-Xun Wang, and Hao
Sun. 2022. Symbolic physics learner: Discover-
ing governing equations via monte carlo tree search.
arXiv preprint arXiv:2205.13134.

Zechang Sun, Yuan-Sen Ting, Yaobo Liang, Nan Duan,
Song Huang, and Zheng Cai. 2025. Mephisto: Self-
Improving Large Language Model-Based Agents for
Automated Interpretation of Multi-band Galaxy Ob-
servations. arXiv e-prints, arXiv:2510.08354.

Mojtaba Valipour, Bowen You, Maysum Panju, and
Ali Ghodsi. 2021. Symbolicgpt: A generative trans-
former model for symbolic regression. arXiv preprint
arXiv:2106.14131.

Martin Vastl, Jonáš Kulhánek, Jiří Kubalík, Erik Derner,
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A Compute budget N and FLOPs

Our unified formulation measures test-time com-
pute by the total number of generation passes,

N =
T−1∑
t=0

nt∑
i=1

k
(i)
t ,

namely, the total number of candidate proposals
produced across all steps. While prior test-time
scaling work often reports inference compute in
FLOPs, under our experimental setting this choice
is equivalent to measuring compute by N .

To see this, consider a single generation pass
that produces one proposal. Let its input and out-
put lengths be Lin and Lout, respectively. Follow-
ing standard scaling-law analyses (Kaplan et al.,
2020), the FLOPs required for one autoregressive
rollout of a transformer with P parameters is ap-
proximately

Crollout ≈ 2P
(
Lin + Lout

)
.

Now index all generated proposals in the entire
search process by (t, i, j), where t is the iteration,
i indexes the selected parent candidate, and j ∈
{1, . . . , k(i)t } indexes the newly generated proposal.
The total inference cost is then

Ctotal ≈
T−1∑
t=0

nt∑
i=1

k
(i)
t∑

j=1

2P
(
L
(t,i,j)
in + L

(t,i,j)
out

)
.

Under our controlled setting, the base model
is fixed, so P is constant. Moreover, we study
compute allocation for the same task instance: each
rollout takes as context a previous program (or
equation) and asks the model to produce a refined
or mutated proposal of comparable size. Hence
both the input and output lengths stay within a
task-dependent bounded range. That is, there exist
constants

Lin, Lin, Lout, Lout

such that for every rollout,

Lin ≤ L
(t,i,j)
in ≤ Lin, Lout ≤ L

(t,i,j)
out ≤ Lout.

Therefore, each rollout has cost bounded between
two constants:

cmin ≤ C
(t,i,j)
rollout ≤ cmax,

where

cmin = 2P
(
Lin+Lout

)
, cmax = 2P

(
Lin+Lout

)
.
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Summing over all rollouts gives

cminN ≤ Ctotal ≤ cmaxN.

Hence, for a fixed model on a fixed task, the total
test-time FLOPs grow linearly with N . In practice,
cmin is also close to cmax as each input and output
consists of the same prompt template and a solu-
tion. In other words, N and FLOPs are equivalent
up to a task-dependent constant factor, and there-
fore induce the same notion of compute budget to
compare different compute-allocation strategies.

Finally, our budget N accounts only for the LLM
generation cost. Auxiliary operations such as se-
lection, pruning, and verifier evaluation are either
negligible relative to model inference or held fixed
across methods and thus do not affect the equiva-
lence above.

B Benchmark and implementation details

B.1 Benchmark instantiation

Our experiments instantiate the LSR-Synth portion
of LLM-SRBench and restrict attention to the two
domains studied in the main paper: Biology and
Material Science. At the benchmark level, these
correspond to 24 biology tasks and 25 material-
science tasks, yielding 49 tasks in total. In our lo-
cal benchmark layout, each task directory contains
four components: (i) a natural-language task spec-
ification, (ii) a shared executable scaffold, (iii) a
task-specific evaluator, and (iv) a local dataset parti-
tioned into train, test, and ood_test splits. The
search procedure is given access only to the task
specification and the training split. The held-out
test split is queried exclusively for logging best-
so-far in-domain generalization, while ood_test
is never used for model selection.

Following the benchmark construction protocol,
each synthetic task is generated from 5,000 sam-
ples. In the task files used by our implementation,
4,000 samples are exposed through the training
split and the remainder are reserved for held-out
test evaluation. Across domains, Biology tasks
share the mapping (t, P ) 7→ dP/dt, whereas Ma-
terial tasks share (ϵ, T ) 7→ σ; task-level variation
arises entirely from the hidden symbolic law and
from the associated numeric ranges encoded in the
benchmark files.

B.2 Prompt construction and executable
scaffold

Our prompting interface mirrors the executable
structure of the benchmark while remaining in-
tentionally minimal. Each prompt is assembled
from three pieces: the task instruction, a fixed
program scaffold split into EXACT_PREFIX and
EXACT_SUFFIX around the editable region, and at
most one in-context inspiration drawn from the cur-
rent best valid program in the same group. The im-
plementation hard-caps the number of inspirations
at one. At decoding time, only the code between #
EVOLVE-BLOCK-START and # EVOLVE-BLOCK-END
is extracted from the model response; the full
runnable program is then reconstructed automat-
ically from the fixed prefix, the generated block,
and the fixed suffix. To keep the search space com-
parable across runs, the only permitted third-party
libraries are numpy, scipy, and scikit-learn.

Task: <task instruction>

Improve the solution:

Score: <score>
Metrics:

acc01: <value>
combined_score: <value>
...

Code:
‘‘‘python
<best prior program in the current group>
‘‘‘

Generation instruction (must follow exactly):
1) Only the code between # EVOLVE-BLOCK-START

and # EVOLVE-BLOCK-END is extracted.
2) The final program is reconstructed as

EXACT_PREFIX + evolved_block + EXACT_SUFFIX.
3) Keep marker lines exactly as written.
4) Return one Python code block that includes

both EVOLVE-BLOCK markers.

EXACT_PREFIX (kept unchanged):
‘‘‘python
<prefix ending with # EVOLVE-BLOCK-START>
‘‘‘

EXACT_SUFFIX (kept unchanged):
‘‘‘python
<suffix starting from # EVOLVE-BLOCK-END>
‘‘‘

Available packages: numpy, scipy, scikit-learn

Shared initialization. All 49 Biology and Mate-
rial tasks use the same initialization scaffold. The
initializer is deliberately weak: it fits an affine base-
line to the raw inputs by least squares and therefore



serves as a domain-agnostic starting point shared
across all runs and all groups.
# EVOLVE-BLOCK-START
"""Initial program: affine symbolic-regression

baseline fit by least squares."""

import numpy as np

def scaling_law_func(data_points, params):
X = np.atleast_2d(np.asarray(data_points,
dtype=float))
params = np.asarray(params, dtype=float)

if params.ndim == 1:
params = params[None, :]

n_features = X.shape[1]
expected = n_features + 1
if params.shape[1] < expected:

pad = np.zeros((params.shape[0],
expected - params.shape[1]), dtype=float)

params = np.concatenate([params, pad],
axis=1)

weights = params[:, :n_features]
bias = params[:, n_features]

pred = X @ weights.T + bias[None, :]
return pred[:, 0] if pred.shape[1] == 1 else
pred

def fit_scaling_law(data_points, loss_values):
X = np.atleast_2d(np.asarray(data_points,
dtype=float))
y = np.asarray(loss_values, dtype=float)

if y.ndim == 1:
y = y[:, None]

design = np.concatenate([X, np.ones((X.shape
[0], 1), dtype=float)], axis=1)
coeffs, _, _, _ = np.linalg.lstsq(design, y,
rcond=None)

params = coeffs.T
return params[0] if params.shape[0] == 1
else params

# EVOLVE-BLOCK-END

B.3 Grouped TTS search and implementation
details

Algorithm 1 summarizes the grouped tree-
structured search used throughout our experiments.
Relative to the notation in the main text, the im-
plementation uses (n, k, g) for population size,
branching factor, and number of groups, respec-
tively. The synchronized search depth is

T = max

(
1,

⌊
N

nk

⌋)
,

and the total width expanded per synchronized iter-
ation is w = nk.

Although the evaluator also reports NMSE, R2,
and a benchmark-specific combined_score, the
search objective is always training Acc0.1. In the
released PIE implementation, parent selection is
parameter free: scores are clipped to [−10, 10] for
numerical stability and sampled at unit tempera-
ture. All generations and evaluator calls are dis-
patched asynchronously under global concurrency
caps, and every evaluation is executed in a fresh
Python subprocess with a 600-second timeout.

B.4 Sweep grid and runtime settings

Unless otherwise stated, all execution uses tem-
perature 0.7, max_tokens=16384, three random
seeds {0, 1, 2}, and global concurrency caps of 128
LLM calls and 128 evaluator subprocesses. The
main paper reports gpt-oss-20b on Bio and Mate-
rial, and Qwen3-30B-A3B-Thinking-2507 on Bio
as a cross-backbone check. Grouping ablations are
run only for gpt-oss-20b. Held-out test perfor-
mance is measured after every synchronized itera-
tion, but it is never fed back into the search loop.

B.5 Ground-truth symbolic laws for the
studied domains

For completeness, we reproduce the benchmark
ground-truth equations for all 49 LSR-Synth tasks
considered in this paper. The task identifiers follow
the naming convention in LLM-SRBench Table 4.

C Additional experimental results

C.1 Empirical budget–width trend

We sweep PBeam and PIE over total budgets N ∈
{1, 2, 4, 8, 16, 32, 64, 128} and report means over
three seeds after first averaging over all tasks within
each domain. We fix g = 1 when studying the
width frontier. Because this analysis contains only
eight discrete budget levels, we use it to support
qualitative conclusions about compute allocation
rather than to claim a universal scaling law.

The width frontier Whenever we analyze
w⋆(N), the frontier is defined as the best attainable
score at a given pair (N,w) after optimizing over
all decompositions (n, k) within PBeam and within
PIE and then comparing the two algorithms. There-
fore the optimal width is not tied to a single control
flow. The algorithm shown in Appendix Table 5
is simply the method that happens to attain that
envelope at a given budget. When PBeam and PIE
are theoretically identical, namely greedy search



Algorithm 1 Grouped TTS search used in our experiments

Require: problem p, budget N , population size n, branching factor k, groups g, algorithm ∈
{PBeam, PIE}

1: T ← max(1, ⌊N/(nk)⌋), s← n/g
2: evaluate the shared initial program on the training split to obtain node x0
3: initialize memoryM0 by replicating x0 into each of the g groups with s slots per group
4: for t = 1 to T do
5: sample s parents per group

PBeam: choose the top-s valid nodes by train Acc0.1
PIE: sample without replacement from a softmax over clipped scores

6: for all selected parent x do
7: for j = 1 to k do
8: build a prompt from the task instruction, the fixed scaffold, and the best valid group-local

inspiration
9: query the LLM and extract only the code inside the EVOLVE-BLOCK

10: evaluate the reconstructed program on the training split; set its search score to train Acc0.1
11: end for
12: end for
13: if algorithm = PBeam then
14: in each group, keep the top-s nodes fromMt−1 ∪ {new children}
15: else
16: append children to memory and cap each group to max(4s,N) nodes
17: end if
18: evaluate the current best-so-far node on the held-out test split for logging only
19: end for
20: return best-scoring node seen during the run

(n, k) = (1, 1) or single-step search (T = 1), miss-
ing PIE values are copied from PBeam. Based on
this unified definition, the frontier lets us examine
how the preferred width changes with budget af-
ter controlling for algorithm choice and the (n, k)
decomposition. The main conclusion is qualita-
tive: the best width tends to increase with budget,
although the exact argmax can be sensitive to finite-
sample noise and nearby widths often perform sim-
ilarly.

Why we do not claim a universal width law. Al-
though the optimal widths in Table 5 show a clear
upward trend, the evidence is not sufficient to sup-
port a precise parametric law. First, the frontier
contains only eight budget levels, all of which are
powers of two and bounded by N ≤ 128. Sec-
ond, the optimal width is an argmax over noisy
empirical measurements; when multiple widths are
close, small seed-level fluctuations can change the
selected width. Third, the trend may depend on
verifier quality, model family, task difficulty, and
the available parallel hardware.

For these reasons, we use the table as a practical

allocation guide rather than as a scaling-law claim.
A robust deployment strategy is to run a small pilot
sweep over candidate widths, preferably powers
of two, and then choose the smallest width whose
performance is close to the observed frontier. This
preserves most of the quality gains while avoid-
ing over-interpretation of a small number of fitted
points.

Performance under tuned width. When we se-
lect the best-performing width at each budget, train-
ing accuracy improves with additional compute but
exhibits diminishing returns. We report this as a
descriptive pattern rather than fitting a parametric
power law, since the number of budget levels is
small and the high-budget accuracies are already
close to saturation. This result is still useful for
compute allocation: most of the benefit comes from
moving away from poorly matched width–depth
regimes, while further gains at large budgets be-
come progressively smaller.



Table 2: Experimental grid used in the reported study.

Study stage Configurations

nk assignment Main width–depth sweep. For each reported model/domain/seed tuple, we fix g = 1 and enumerate all
power-of-two pairs (n, k) satisfying nk ≤ 128. This yields 36 PBEAM configurations. PIE uses the same
grid except for the degenerate (n, k) = (1, 1) case and the single-step settings with nk = 128, yielding
27 additional configurations. Each run is launched once at maximum budget 128, and lower target budgets
N ∈ {1, 2, 4, 8, 16, 32, 64, 128} are recovered from best-so-far checkpoints by selecting the last logged state
with cumulative budget_used ≤ N .

G assignment Grouping ablation, performed only for gpt-oss-20b on Bio and Material. We fix N = 128 and sweep
group counts on the competitive high-width slices identified in the first stage. Width-32 settings are (n, k) ∈
{(32, 1), (16, 2), (8, 4)} and width-16 settings are (n, k) ∈ {(16, 1), (8, 2)}. For each pair we test every
divisor g of n in {1, 2, 4, 8, 16, 32}, producing 24 configurations per algorithm.

C.2 The study of second-order effect
allocation choices

Does the decomposition into n and k matter?
Once the width w = nk is fixed, the remaining
question is how much of that width should come
from expanding more parents (n) versus generat-
ing more children per parent (k). To isolate this
effect, we fix the total budget to N = 128, the
global width to w = 32, and grouping to g = 1,
and compare all admissible power-of-two decom-
positions of 32. Within each domain and algo-
rithm, we group these decompositions into three
coarse regimes: population-heavy (n > k), bal-
anced (n ≈ k), and branching-heavy (k > n).
Table 6 reports the best (n, k) within each regime.

The main pattern is that, after choosing the right
width, the exact (n, k) split is a second-order de-
cision. Across the four domain–algorithm pairs,
different regimes attain the best score, and most
alternatives remain within about one percentage
point of the regime optimum, with one larger out-
lier on Bio for PIE. This variation (typically < 1%)
is much smaller than the cross-width effect reported
in the main text: moving to a poorly chosen width
can cost several percentage points even after op-
timizing over (n, k) and the controller (can reach
∼5%). In practice, this suggests a simple recipe:
first tune the width w, then use a moderate decom-
position such as balanced or population-heavy as a
robust default rather than over-optimizing the exact
n–k split.

Does the choice between PBeam and PIE mat-
ter? We compare PIE and PBeam under the same
budget N and width w with performance envelop
over (n, k) combination and plot the performance
gap (PIE− PBeam) in Figure 4. The accuracy dif-
ferences tightly fluctuate around the zero baseline,
typically bounded within a marginal±2 percentage
points. This algorithmic variance can be safely ig-

nored when compared to the 10 to 20 point penalty
of choosing the wrong width. This confirms that
PIE and PBeam are largely interchangeable, rein-
forcing our core thesis that the width w determines
the performance ceiling.

Comparison with OpenEvolve. To isolate the
effect of compute allocation from that of ad-
ditional engineering heuristics, we compare
PBeam and PIE against OpenEvolve under strictly
matched global budgets. In the reduced (n, k, g)
parameterization introduced in the main text,
OpenEvolve corresponds to a fully partitioned spe-
cial case:(n, k, g) = (w, 1, w), so that each of the
g = w groups (islands) contains exactly one active
parent, generates exactly one child per synchro-
nized iteration, and therefore operates with local
population n/g = 1 and local width w/g = 1.
For a fixed global budget N and width w, this
gives OpenEvolve the same synchronized depth
as our controllers,T = max

(
1,
⌊
N
w

⌋)
, while differ-

ing only in how the width is organized within each
iteration. This yields a clean matched-width com-
parison3 against PBeam and PIE, which can realize
the same global width with less aggressive parti-
tioning (i.e., smaller g and/or k > 1). As shown
in fig. 5, PBeam and PIE generally achieve better
train Acc0.1 than OpenEvolve at the same (N,w)
when using a mild g = 2 and balanced (n, k) as-
signment. This is consistent with our grouping
analysis in section 3.2: fully partitioning the search
into w isolated groups can reduce useful compe-
tition across candidates and push each group into
an overly narrow local search regime. Overall, this
comparison supports our main claim that, on this
benchmark, the dominant gains come from get-
ting the global compute allocation right, whereas

3We use the official implementation of OpenEvolve with
the same prompt template in section B. Unless specially men-
tioned, the other hyperparameters are set as default values.



Table 3: Biology-domain LSR-Synth equations used in this paper. Each entry reports the right-hand side of
dP
dt = f(t, P ).

ID Right-hand side ID Right-hand side

BPG1 r
(
1− P (t)

K0

)
P (t) + rP (t)0.33 BPG13 βP (t) sin(ωt) + r

(
1− P (t)

K0

)
P (t)

BPG2 rP (t) exp(−γt) + rP (t)2

αP (t)+1
BPG14 r

(
−1 + P (t)

α

)(
1− P (t)

K0

)
P (t) + rP (t) +

rP (t)
1+exp(−α(−β+P (t)))

BPG3 βP (t) sin(ωt) + rP (t) exp(−γt) BPG15 r
(
1− P (t)

K0

)
P (t) +

r (1− exp(−γP (t)))P (t) + rP (t) exp(−γt)

BPG4 r
(
−1 + P (t)

α

)(
1− P (t)

K0

)
P (t) +

r (1− exp(−γP (t)))P (t)

BPG16 rP (t)0.33 + rP (t) exp(−γt)

BPG5 r
(
1− P (t)

K0

)
P (t) + rP (t)

1+exp(−α(−β+P (t)))
BPG17 r

(
−1 + P (t)

α

)(
1− P (t)

K0

)
P (t) + rP (t)0.33 +

rP (t)

BPG6 r
(
1− P (t)

K0

)
P (t) + rP (t)2

αP (t)+1
BPG18 r

(
−1 + P (t)

α

)(
1− P (t)

K0

)
P (t) + rP (t)0.33

BPG7 −QαP (t) + r
(
1− P (t)

K0

)
P (t) + rP (t)0.33 +

rP (t)

BPG19 βP (t) sin(ωt) + r
(
1− P (t)

K0

)
P (t) + rP (t)

BPG8 r
(
−1 + P (t)

α

)(
1− P (t)

K0

)
P (t) +

r
(
1− P (t)

K0

)
P (t) + rP (t)0.33

BPG20 r
(
1− P (t)

K0

)
P (t) + rP (t)

tα

BPG9 r
(
1− P (t)

K0

)
P (t) + rP (t)0.33 + rP (t) BPG21 r

(
−1 + P (t)

α

)(
1− P (t)

K0

)
P (t) +

r
(
1− P (t)

K0

)
P (t) + rP (t)

1+exp(−α(−β+P (t)))

BPG10 r
(
−1 + P (t)

α

)(
1− P (t)

K0

)
P (t) +

r
(
1− P (t)

K0

)
P (t)+r (1− exp(−γP (t)))P (t)

BPG22 r
(
−1 + P (t)

α

)(
1− P (t)

K0

)
P (t) + rP (t)

tα

BPG11 rP (t)0.33 + rP (t) BPG23 r (1− exp(−γP (t)))P (t) + rP (t) exp(−γt)

BPG12 r
(
1− P (t)

K0

)
P (t) + rP (t)0.33 +

rP (t) exp(−γt)

BPG24 r
(
1− P (t)

K0

)
P (t)+r (1− exp(−γP (t)))P (t)
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Figure 4: PIE − PBeam after optimizing (n, k) inside each algorithm. The vertical axis shows train Acc0.1
differences in percentage points. The effect size is much smaller than the effect of choosing the right width.



Table 4: Material-domain LSR-Synth equations used in this paper. Each entry reports the corresponding stress
law σ(ϵ, T ) = g(ϵ, T ).

ID Right-hand side ID Right-hand side

MatSci1 E0ϵ (−αT (T − T0) + 1)− β(T − T0) +
ϵMη(T − T0)

MatSci14 −β(T − T0) + ϵη exp
(
−(T − T0)

2
)

MatSci2 Hϵ3 +KϵN exp
(
− Q

RT

)
+ ϵη sin(T − T0) MatSci15 −β(T − T0) + ϵMη(T − T0)

MatSci3 Hϵ3 + η(T − T0) exp(−ϵ) MatSci16 E0ϵ (−αT (T − T0) + 1) +
ϵη exp

(
−(T − T0)

2
)

MatSci4 Hϵ3 +KϵN exp
(
− Q

RT

)
+ ϵ3η(T − T0) MatSci17 E0ϵ

2 + ϵη(T − T0)
2

MatSci5 E0ϵ
2 + η(T − T0) log(ϵ+ 1) MatSci18 E0ϵ (−αT (T − T0) + 1)− β(T − T0) +

η(T − T0) log(ϵ+ 1)

MatSci6 E0ϵ (−αT (T − T0) + 1) +

KϵN exp
(
− Q

RT

)
+ ϵMη(T − T0)

MatSci19 Hϵ3 + η(T − T0) sin(ϵ)

MatSci7 E0ϵ (−αT (T − T0) + 1) + ϵη(T − T0)
2 MatSci20 E0ϵ

2 − β(T − T0) + ϵ3η(T − T0)

MatSci8 Hϵ3 − β(T − T0) + η(T − T0) log(ϵ+ 1) MatSci21 E0ϵ
2 + ϵη sin(T − T0)

MatSci9 E0ϵ (−αT (T − T0) + 1) + ϵMη(T − T0) MatSci22 KϵN exp
(
− Q

RT

)
− β(T − T0) + η(T −

T0) log(ϵ+ 1)

MatSci10 Hϵ3 − β(T − T0) + ϵ3η(T − T0) MatSci23 E0ϵ (−αT (T − T0) + 1) +Hϵ3 + η(T −
T0) sin(ϵ)

MatSci11 Hϵ3 +KϵN exp
(
− Q

RT

)
+ ϵη(T − T0)

2 MatSci24 KϵN exp
(
− Q

RT

)
+ ϵη sin(T − T0)

MatSci12 KϵN exp
(
− Q

RT

)
+ ϵ3η(T − T0) MatSci25 E0ϵ

2 + E0ϵ (−αT (T − T0) + 1) + η(T −
T0) log(ϵ+ 1)

MatSci13 E0ϵ (−αT (T − T0) + 1) +

KϵN exp
(
− Q

RT

)
+ ϵη exp

(
−(T − T0)

2
)

Table 5: Exact optimal width on gpt-oss-20b without grouping. For each pair (N,w), we first optimize over
all decompositions (n, k) inside PBeam and inside PIE, and then choose the better algorithm. The table therefore
reports which algorithm attains the envelope at each budget rather than a globally preferred control flow.

Bio Material

Budget N Algorithm (n, k, T ) w⋆ Algorithm (n, k, T ) w⋆

1 PBeam (1, 1, 1) 1 PBeam (1, 1, 1) 1
2 PBeam (1, 1, 2) 1 PBeam (1, 1, 2) 1
4 PBeam (1, 2, 2) 2 PBeam (2, 1, 2) 2
8 PIE (1, 2, 4) 2 PIE (2, 2, 2) 4

16 PIE (1, 2, 8) 2 PBeam (1, 4, 4) 4
32 PBeam (1, 8, 4) 8 PBeam (1, 4, 8) 4
64 PBeam (2, 8, 4) 16 PIE (8, 2, 4) 16
128 PBeam (4, 8, 4) 32 PIE (64, 1, 2) 64



Table 6: Best (n, k) decomposition within each regime at fixed budget N = 128, width w = 32, and no
grouping (g = 1). For each domain and algorithm, we partition the six admissible decompositions of w = 32 into
three regimes and report the best (n, k) and its train Acc0.1 within each regime. Relative gap is computed against
the best regime under the same domain and algorithm.

Domain Algorithm Regime Best (n, k) Train Acc0.1 Rel. gap

Bio PBeam Population-heavy (16, 2) 0.9816 0.28%
Bio PBeam Balanced (4, 8) 0.9844 0.00%
Bio PBeam Branching-heavy (1, 32) 0.9801 0.44%

Bio PIE Population-heavy (16, 2) 0.9804 0.00%
Bio PIE Balanced (8, 4) 0.9612 1.95%
Bio PIE Branching-heavy (2, 16) 0.9794 0.10%

Material PBeam Population-heavy (16, 2) 0.9857 1.15%
Material PBeam Balanced (8, 4) 0.9971 0.00%
Material PBeam Branching-heavy (1, 32) 0.9876 0.95%

Material PIE Population-heavy (32, 1) 0.9884 0.92%
Material PIE Balanced (4, 8) 0.9975 < 0.01%
Material PIE Branching-heavy (2, 16) 0.9976 0.00%

Regime definitions: population-heavy {(32, 1), (16, 2)}, balanced {(8, 4), (4, 8)}, and branching-heavy {(2, 16), (1, 32)}.

additional heuristics such as island engineering,
crossover, or specialized prompting appear to be
secondary.

C.3 Wall-clock time speedups through
grouping

As claimed in the main paper, grouping improves
inference efficiency via reduced synchronization
overhead. Intuitively, one might hypothesize that
evaluating candidates in larger groups could artifi-
cially enforce search diversity—by allowing paral-
lel branches to explore independently before being
evaluated and pruned—which might in turn elevate
the overall reasoning performance. However, our
empirical results reveal that this is generally not
the case: grouping predominantly acts as a strict
accuracy-efficiency trade-off rather than an algo-
rithmic performance booster.

To isolate the exact impact of grouping once the
search width is already chosen, Figure 6 fixes the
compute budget at N = 128 and compares the
optimal grouped configurations (g > 1) against
their exact ungrouped baselines (g = 1) of the
same width.

On the Material domain, grouping can occasion-
ally be helpful: at width 16, moving from g = 1
to g = 2 increases the train Acc0.1 by 0.295 per-
centage points and yields a 1.043× speedup, while
g = 8 still preserves a slight accuracy gain along-
side a 1.075× speedup. In contrast, the Bio domain
is more fragile. At width 16, setting g = 8 provides
a 1.053× speedup but suffers a severe accuracy
penalty, losing 1.54 percentage points. Ultimately,

while grouping delivers measurable system-level
acceleration, overly large g should be used cau-
tiously.

C.4 Generalization: internal train–test gap
and cross-model consistency

Generalization from training to test sets As
discussed in the main paper, we determine the
search configuration (e.g., the search width w⋆)
using training-set performance. As shown in Fig-
ure 7, the test accuracy closely tracks the training
accuracy across all compute budgets, indicating no
obvious overfitting. However, optimizing strictly
on the training set at larger budgets can occasion-
ally lead to a slight performance drop on the unseen
test set (e.g., N ≥ 25 in the Material domain). Fur-
thermore, our control flow is designed to greedily
maximize the training accuracy at each iteration
and strictly retain the highest-scoring paths during
each step of the beam search. While this aggres-
sive, step-wise optimization guarantees peak per-
formance on the training distribution, it inherently
risks mild overfitting. Consequently, the resulting
configurations may yield slightly sub-optimal ac-
curacy on the unseen test set.

Does the optimal width law generalize across
backbones? To investigate whether our empir-
ically derived width scaling behavior is tied to
a specific model architecture, we evaluate the
Qwen3-30B-A3B backbone on the Bio domain. As
illustrated in Figure 8, the qualitative width–budget
trend is similar across the two model families. The
exact optimal width trajectories for both Qwen3 and
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Figure 5: Matched comparison among PBeam, PIE, and OpenEvolve.

gpt-oss perfectly overlap at early compute bud-
gets (N ≤ 8). The only localized divergence oc-
curs at the intermediate budget of N = 16, where
Qwen temporarily favors a deeper search (w⋆ = 2)
while the GPT backbone expands to a wider allo-
cation (w⋆ = 8). This aligned trajectory suggests
that the width–budget trade-off is not unique to
one backbone, although the exact preferred width
remains model- and budget-dependent.
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Figure 6: Effect of group size on performance and wall-clock time. For each domain and width, every point is
the best measured configuration at fixed (w, g) and N = 128, compared against the best ungrouped configuration
with the same width. Moderate grouping can improve throughput with modest quality loss, but excessively large g
eventually collapses the per-group width and hurts performance.
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Figure 7: Train vs. test performance of gpt-oss-20b. Mean accuracy (Acc0.1) on the training and test sets for the
Bio (left) and Material (right) domains across varying compute budgets N .
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Figure 8: Auxiliary cross-model comparison on Bio with Qwen3-30B-A3B. Solid lines show the exact best-
performing width in the sweep. The same qualitative width–depth trade-off appears across models, although the
exact mid-budget operating point remains backbone-dependent.
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